A Descartes configuration is a set of four mutually tangent circles in the Riemann sphere, having disjoint interiors. Apollonian circle packings arise by repeatedly filling the interstices between four mutually tangent circles with further tangent circles. Such packings can be described in terms of the Descartes configurations they contain. Part I shoewed there is a natural group action on Descartes quadruples by a group Iso ↑ (Q 2
Apollonian Circle Packings: Geometry and Group Theory II. Super-Apollonian Group and Integral Packings
Introduction
This paper continues that of part I, to which we refer for background on Apollonian packings.
The basic object studied is the set of all ordered Descartes configurations D = (C 1 , C 2 , C 3 , C 4 )
which are ordered sets of four mutually tangent circles in the plane (actually the Riemann sphere) having disjoint interiors. We observed that there is a natural coordinate system to describe elements of , which we called curvature-center coordinates, and which represented is the matrix of the Descartes quadratic form. We showed that conversely, any matrix M satisfying (1.1) with first column having a positive sum equals N D for a unique ordered Descartes configuration D. There are two natural group actions on . The first is induced from the conformal group Möb(2) of Möbius transformations and anti-Möbius transformations acting on the Riemann sphere, and the second is given by a group Iso ↑ (Q 2 ) which acts linearly on the curvature-center coordinate representation on the left. The group Iso ↑ (Q 2 ) is the set of 4 × 4 matrices U that satisfy
together with the "isochronicity"condition that the elements of the first column of U have a positive sum. This group was shown to be conjugate to the isochronous Lorentz group O ↑ (3, 1, Ê), a subgroup of index two in the Lorentz group O(3, 1, Ê).
Apollonian packings P D are infinite collections of tangent circles generated from a single Descartes quadruple D by repeated inversions. Such packings are uniquely characterized by the set (P) of Descartes configurations that they contain; by abuse of language we will refer to (P) as an Apollonian packing. Two distinct Apollonian packings have disjoint sets of Descartes configurations; thus is partitioned into an (uncountable) set of Apollonian packings. We associated to Apollonian packings was a certain discrete subgroup of Iso ↑ (Q 2 )
which we called the Apollonian group. Various of its properties were worked out in part I. It particular, it leaves Apollonian packings invariant, acts transitively on (unordered) Descartes quadruples in a given Apollonian packing, and is a Coxeter group.
In this paper, we introduce in §2 several natural geometric operations on Descartes configurations and study the groups they generate. Given a fixed Descartes configuration D, these are Möbius transformations acting as inversions on the circles of D, plus a further Möbius transformation, the dual operator, which maps D to its orthogonal configuration D ⊥ . The inversion operators lead to the definition of larger discrete subgroupsG 0 D andG D of Möb (2) . These groups do not preserve packings, but do preserve larger objects that we call super-packings.
The dual operator does not lie in these groups, but acts by conjugation as an involution on these groups, permuting their generators. It also maps super-packings to super-packings. We then show there are analogous operators in the group Iso ↑ (Q 2 ), which lead to the definition of the super-Apollonian groupÃ 0 and the ordered super-Apollonian groupÃ, which again consist of integer matrices. The groupÃ acts sharply transitively on the Descartes quadruples in any super-packing. We prove that the super-Apollonian groupÃ 0 is a Coxeter group (Theorem 2.9.) In the final subsection we compare the Möb(2)-action with that of Iso ↑ (Q 2 ) on super-packings. We observe that the linear group analogue of the dual operator, which we denote D, preserves super-packings. It lies in the normalizer N (Ã) ofÃ, but is not inÃ.
In §3 we discuss integral and strongly integral Apollonian packings. Integral Apollonian circle packings are those where all circles have integer curvatures. This property is inherited from a single Descartes configuration in the packing having this property. Strongly integral Apollonian packings are integral Apollonian packings where in addition the circle centers, viewed as complex numbers, have "curvature×center" being a Gaussian integer. This property is also inherited from a single Descartes configuration in the packing having this property. We give minimal conditions characterizing Descartes configurations with the strong integrality property. We show that any integral Apollonian packing can be moved by a Euclidean motion so as to become a strongly integral packing. We then define the integral Apollonian supergasket to be the set of all primitive strongly integral Descartes configurations. Here primitive means that the greatest common divisor of the curvatures is 1. We show that the integral Apollonian supergasket is a finite union of superpackings, and that the ordered super-Apollonian group nearly acts transitively on it, having exactly eight orbits. We use this fact to show that the super-Apollonian group is conjugate to a normal subgroup of O(3, 1, ) of index 96. Finally we deduce that the group Aut(Q 2 ; ) of integral automorphs of the Descartes quadratic form
contains the super-Apollonian group as a subgroup of index two.
Although the Apollonian group appearing in part I has been discovered several times, most notably by Söoderberg [10] , the super-Apollonian group and super-packings have apparently not been studied previously. The integrality properties studied in §3 are a by-product of the fact that the super-Apollonian group consists of integer matrices. In a companion paper [5] we study many other number-theoretic properties of the set of integral Apollonian circle packings.
In part III we extend to higher dimensions various results shown in parts I and II for two-dimensional Apollonian packings,
Super-Packings and the Super-Apollonian Group
In §3 of part I we considered groups of Möbius transformations Aut(P) that preserved the Apollonian packing P, and the Apollonian group A that preserved Descartes quadruples (P) for all packings P. In this section we study larger groups that permit movement between different packings, and which leave invariant larger structures that we call super-packings.
There is a Möbius group version and a Lorentz group analogue.
Super-packings and the Möbius Group
Let D = {C 1 , C 2 , C 3 , C 4 } be an ordered Descartes configuration, the base configuration. We consider several natural Möbius transformations with simple geometric actions on D. Figure 1 . Note that the corresponding operation × 1 (D) changes C 1 while leaving the other three circles in D fixed, while × ⊥ 1 does the opposite. 
is the circle through the three tangent points of {C j : j = i}. Here D ⊥ is the dual Descartes configuration which shares the same six tangency points of D.
A Descartes configuration D with its dual configuration D ⊥ is pictured in Figure 2 . One
The dual operation
The dual operator relates × i and × ⊥ i .
Lemma 2.1. For each given base configuration D, the dual operator is an involution, 2 = I, and
, and let ′ be the dual operator associated to
We prove that ′ = . Let D = {C 1 , C 2 , C 3 , C 4 } and denote by P ij the intersection
One observes that P ⊥ ij = P kl where {i, j, k, l} = {1, 2, 3, 4}, (P ij ) = P ⊥ ij = P kl and ′ (P kl ) = ′ (P ⊥ ij ) = P ij . Since the six points P ij (1 ≤ i < j ≤ 4) uniquely determine the ordered Descartes configuration D, then by Theorem 3.4 of part I, ′ = . Thus 2 = ′ • which maps D to itself. This implies 2 = I.
To show × ⊥ i = × i , by Theorem 3.3 of part I it is sufficient to check that
. By definition, × ⊥ 1 is the inversion with respect to the circle C 1 . However, C 1 is the unique circle that passes through the three tangent points of the three circles
⊥ is tangent to the other three circles and not equal to C 1 ⊥ . It follows immediately
We proceed to study various groups generated by these operators.
where Ô σ are the 24 Möbius transformation permuting the circles in D.
The elements of these groups permute Apollonian packings, but they preserve a larger object, which is the union of all Apollonian packings reachable from D by group elements.
in which each packing that occurs is to be counted with multiplicity one.
(ii) The set (Σ D ) denotes the set of ordered Descartes quadruples contained in all the 
This action also applies to Descartes configurations contained in
Theorem 3.4 of part I shows that there exists ∈G 0 D and a permutation σ such that
This gives
On the other hand,
In particular, = −1 for some ∈G D ′ . This proves ∈G D ′ , and hence D ∈ Σ D ′ . Then by the preceding argument,
and hence (Σ D 
This proves Aut(Σ) acts sharply transitively on (P) and that
One can show that the groupG 0 D acts sharply transitively on unordered Descartes quadru-
> is a hyperbolic Coxeter group. Its Coxeter relations are
The relations (2.8) are equivalent to the commutativity
We omit a proof of Theorem 2.4; it can be deduced from the analogous result for the superApollonian group (Theorem 2.9) using Theorem 2.7 below.
Next, we consider larger geometric structures and groups obtained by including the duality operator. (ii) The duality operation satisfies Σ dd = Σ.
Remark. In Lemma 2.11 we show that Σ ∩ Σ d = ∅ for all super-packings Σ. This shows that the duality operation on super-packings has no fixed points. 
(ii) To establish the duality relation, let
as required.
We can also consider a larger group obtained from the ordered configuration group by adjoining the duality operator. This is the group
One can show that this group containsG 0 D as a (normal) subgroup of index 2. It acts sharply transitively on the unordered Descartes quadruples of extended superpackingsΣ := Σ ∪ Σ d . We omit proofs, since we show analogous results for a related group in §4.3.
Super-Packings and the group Iso
There are elements in Iso ↑ (Q 2 ) analogous to the inversions and duality operator of §4.1. We begin with inversions.
Definition 2.7. The inversion operators S T i are the transposes of the matrices S i in A, so
(2.12) Definition 2.8. The inverse-Apollonian group (A 0 ) ⊥ is the group generated by the inversions:
the transpose operation gives an anti-isomorphism between the
Apollonian group A 0 and (A 0 ) ⊥ , i.e. the group law is reversed. This relation between A 0 and (A 0 ) ⊥ does not persist in higher dimensions, see §7.
By direct computation one verifies that each S T i ∈ Iso ↑ (Q 2 ). Similarly one checks that
and another computation yields
which is equivalent to
In the remaining case i = j, however we have no relation, e.g.
We now turn to the dual operator.
, and we have
conjugates the Apollonian group A 0 to the inverse-Apollonian group (A 0 ) ⊥ , via 
and if
Without loss of generality, we may treat the case where the curvatures satisfy
Note that × ⊥ 1 preserves C 1 and exchanges the inside and outside of C 1 . Thus C ′ 1 = C 1 and a ′ 1 = −a 1 . Since C 2 and C ′ 2 are symmetric with respect to C 1 ,
, and
Solving these equations, we get a ′ 2 = a 2 +2a 1 and
To prove (2.20), we compute the curvature and center of C ⊥ 1 , which are denoted by q and Q, respectively. C ⊥ 1 is the inscribed circle of
This gives q = √ a 2 a 3 + a 2 a 4 + a 3 a 4 = (−a 1 + a 2 + a 3 + a 4 )/2. The last equation follows from the Descartes Circle Theorem.
To compute Q, assume C 2 = 0, C 3 = 1/a 2 + 1/a 3 , (real), and C 4 is in the upper-half plane.
Then Q = 1/a 2 + i/q, and C 4 = (1/a 2 + 1/a 4 ) exp iθ where θ = 2α, tan α = a 2 /q. Hence
Both Q and C 4 are in the upper-half plane, therefore
The last equation follows from the Complex Descartes Theorem 2.2 of part I.
Now if the circles are in general position, we can write their centers as
where C 2 = 0, C 3 is real, Im(C 4 ) > 0 and |ω| = 1. Then the center of 
(ii) The ordered super-Apollonian groupÃ is given bỹ
The extended super-Apollonian groupÃ 0+ is the group with generators
The complete super-Apollonian groupÃ ++ is the group with generators 
where each Ø i j ∈ T D , then
and set = (1) . Then, for any element
where
If
, where
are the inversions associated to D (j) . Repeating the above procedure, we get
which implies
as desired.
The basic properties of the ordered super-Apollonian groupÃ with respect to superpackings are as follows. (ii) The ordered super-Apollonian groupÃ acts sharply transitively on each super-packing
Proof. 
This shows the existence of M , and its uniqueness follows from Theorem 2.6 of part I.
One can show similarly that the super-Apollonian groupÃ 0 acts sharply transitively on unordered Descartes configurations in each super-packing Σ.
> is a hyperbolic Coxeter group whose complete set of Coxeter relations are
Proof. The groupÃ 0 satisfies the relations S 2 i = (S T i ) 2 = I for 1 ≤ i ≤ 4 and it satisfies
which is equivalent to (2.28).
Write words W inÃ 0 as W = U n U n−1 · · · U 1 , in which each U i is a generator S j or S T j , with the empty word (n = 0) being the identity element. (We do not need inverses since all generators are their own inverse.) A word W is in normal form if it has the two properties:
We can reduce any word to a word in normal form, using the relations to move any symbols S T j as far to the right in the word as possible We cancel any adjacent identical symbols to make (i) hold. Then move the rightmost S T j as far to the right as possible, as allowed by (2.29). Repeat the same with the next rightmost symbol S T j . If in the process any adjacent symbols (S T j ) 2 occur, cancel them. This process must terminate in a normal form word or the empty word.
The theorem is equivalent to showing that no normal form word with n ≥ 1 is the identity element in A 0 . This holds because the reduction to normal form used only the Coxeter relations, so if A 0 satisfies an additional nontrivial relation, there would exist some nontrivial normal form word that is the identity.
We proceed by induction on the length n of a word in normal form W = U n U n−1 · · · U 1 .
Note that any suffix U j−1 U j · · · U 1 of W is also in normal form. For each n ≥ 1, let X n represent all normal form words of length n. We measure the size of a word W as
Thus f (I) = 4. For n = 1 we have
in all cases. For n ≥ 2 if W ∈ X n then W ′ = U n−1 U n−2 · · · U 1 ∈ X n−1 , and we will prove
hence W = I, which will complete the proof.
We let
be the vector of row sums of W . Now
with similar formulas in the other cases. To prove (2.32) it is therefore sufficient to prove the following two assertions, for 1 ≤ h ≤ 4.
(
Instead of proving (1), (2), we will prove by induction on n the following three assertions for all W ∈ X n . Here (h, i, j, k) always denotes some permutation of (1, 2, 3, 4) in what follows.
(i) For 1 ≤ i, j ≤ 4, with i = j,
Note that (i) implies that at most one of the row sums of W can be negative. If proved, (i)-(iii)
imply (1), (2), which themselves imply (2.32), completing the proof of the Theorem.
The induction hypothesis (i)-(iii) holds for n = 1, since r(P h ) is a permutation of (5, 1, 1, 1) T and r(P T h ) is a permutation of (−1, 3, 3, 3) T . Suppose it is true for n. For the induction step, write W ∈ X n+1 , W = U n+1 W ′ with W ′ ∈ X n and abbreviate r ′ i = r i (W ′ ).
We must verify (i) and (ii) for W . We have
To verify (i), all cases not involving r h (W ) follow from the induction hypothesis. To show
, and for all cases except U n = S T h the induction hypotheses (ii) and (iii) give r ′ h < r ′ i + r ′ j + r ′ k , whence
, so all terms on the right side of (2.34) are positive, so r h (W ) + r i (W ) > 0.
The cases r h (W ) + r j (W ) > 0 and r h (W ) + r k (W ) > 0 follow similarly. To verify (ii) for W it suffices to prove
There are three cases, according as U n = S i , U n = S T i with i = h and U n = S T h . In the first two of these, the induction hypotheses give
Case 2. U n+1 = S T h for some h. We must verify (i) and (iii). We have
To prove (i), note first that
using (i) for W ′ , and similar inequalities hold for other cases involving r h (W ). The remaining cases are all of the form r i (W ) + r j (W ) > 0 with i, j = h, and the proofs for each are similar.
We have
using induction hypothesis (i). We now show r ′ h > 0 holds in all cases. Since W ∈ X n+1 , we have U n = S T h and U n = S i with i = h. If U n = S T j for some j = h then hypothesis (iii) for W ′ says that r ′ j < 0, whence we must have r ′ h > 0. If U n = S h then hypothesis (ii) for W ′ says r ′ h > 0. Thus r ′ h > 0 in all cases, and (i) holds for W . To prove (ii) we must prove
(2.36)
We verified r ′ h > 0 already. For the remainder there are two cases, according as U n = P h or U n = P T i for some i = h. If U n = P h the three remaining inequalities in (2.36) follow form inductive hypothesis (ii) for W ′ . If U n = P T i the inductive hypothesis (iii) gives the last two inequalities in (2.36), and also that r ′ i < 0. By hypothesis (i) for W ′ this implies r ′ j , r ′ h , r ′ k > 0 hence r ′ i < 0 < r ′ h + r ′ j + r ′ k which verifies (2.36) in this case, and finishes case 2. The induction is complete.
Comparison of Möb(2) action and Iso ↑ (Q 2 ) action on super-packings
The action of Möb(2) and Iso ↑ (Q 2 ) on super-packings is completely analogous to their action on packings described in §3.3. Each ∈ Möb(2) maps super-packings to super-packings, but only a discrete subgroup of Iso ↑ (Q 2 ) has this property.
Theorem 2.10. For M ∈ Iso ↑ (Q 2 ), the following properties are equivalent.
(i) M is in the normalizer N (Ã) of the ordered super-Apollonian groupÃ in Iso ↑ (Q 2 ).
(ii) M maps super-packings to super-packings, in the sense for each Σ there exists Σ ′ such that M ( (Σ)) = (Σ ′ ).
(iii) There exist two super-packings Σ, Σ ′ , possibly the same, such that M ( (Σ)) = (Σ ′ ).
Proof. The proof is similar to that of Lemma 3.9 of part I. (ii) The dual operator D acts on super-packings by
(iii) Dual superpackings are disjoint, i.e.
. Also observe that P σ DP T σ = D for any permutation matrix P σ . This gives DP σ D = P σ . Thus D ∈ N (Ã). The groupÃ consists of integer matrices, since its generators are integer matrices. Thus it cannot contain the half-integer matrix D. 
Integral and Strongly Integral Apollonian Packings
The groups of transformations discussed in §3 and §4 that act on Descartes quadruples and preserve packings and super-packings have matrices representing their action that all have integer (or half-integer) entries. This fact allows the existence of special orbits under the action of these groups having "integral" properties. In this section our main object is to establish the near-transitivity of the super-Apollonian group on a natural object which we call the integral Apollonian super-gasket. The companion paper [5] studies more detailed numbertheoretic properties of the integers arising in individual orbits of the Apollonian group. We are able to use these orbits to show that the super-Apollonian group is conjugate to a normal subgroup of index 96 in the integer Lorentz group O (1, 3, ) . (ii). A strongly integral Descartes configuration is an integral Descartes configuration which in addition has all four "curvature×center"s in the Gaussian integers [i].
The following lemma reduces the study of integrality and strong integrality to that of a single Descartes configuration. 
Strong Integrality Criterion
We give minimal conditions that imply that a Descartes configuration is strongly integral. This affirmatively answers a question posed to us by K. Stephenson. 
Proof. (i)
. We show that a 4 ∈ . First suppose that a 1 a 2 a 3 = 0 and C 1 = 0. Let C 2 = (x 1 + y 1 i)/a 2 , and C = (x+ yi)/a 3 , where x, y, x 1 , y 1 are integers. Then the following equations hold.
Solving for x, y, we have
Substituting into (3.2), we have the following quadratic equation for y:
This equation has rational solutions, so the discriminant ∆ must be the square of a rational number. One computes that
Therefore a 1 a 2 +a 2 a 3 +a 1 a 3 is a perfect square, hence a 4 = a 1 +a 2 +a 3 ±2 √ a 1 a 2 + a 2 a 3 + a 1 a 3 is an integer.
Next assume C 1 = (x 2 + y 2 i)/a 1 . Again let C 2 = (x 1 + y 1 i)/a 2 , and C 3 = (x + yi)/a 3 , where x, y, x 1 , y 1 , x 2 , y 2 ∈ by hypothesis. Let
Then s, t, s 1 , t 1 are rational numbers, and they satisfy equations (3.1), (3.2), (3.3) (just replace
x, y, x 1 , y 1 in (3.1), (3.2), (3.3) by s, t, s 1 , t 1 , respectively.) By the preceding argument, we again have 16s 2 1 (a 1 a 2 + a 2 a 3 + a 1 a 3 )/a 2 1 = q 2 for some rational number q. This implies that a 1 a 2 + a 2 a 3 + a 1 a 3 is a perfect square and consequently, d is an integer.
The case that a 1 a 2 a 3 = 0 can be proved similarly with an easier calculation.
(ii) We now know that a 4 ∈ , and use this to show that a 4 C 4 ∈ [i]. We use the Complex Descartes Theorem 2.3 of part I, with its two equations. The first equation gives
and the second equation gives
Suppose first that a 1 + a 2 + a 3 − a 4 = 0. Then the second equation gives a 4 C 4 = x + yi for some rational numbers x, y. However by hypothesis a 1 C 1 , a 2 C 2 , a 3 C 3 are integers, so the first equation shows that a 4 C 4 is an algebraic integer. Since a 4 C 4 is real, we conclude that a 4 C 4 must be a rational integer.
The remaining case to treat is a 1 + a 2 + a 3 = a 4 . In this case, a 1 a 2 + a 2 a 3 + a 1 a 3 = 0. Now from (3.4), we have
which can be simplified to
Thus
Now a 1 (C 2 − C 3 ) is a rational number whose square is integral. hence
Integrality and the Super-Apollonian Group
We show that the super-Apollonian group can be used to move a Descartes configuration to one whose curvatures have a particularly simple form. 1 , a 2 , a 3 , a 4 ) . Then there exists M in the ordered super-Apollonian groupÃ such that
Proof. We measure the size of a Descartes quadruple v = (a 1 , a 2 , a 3 , a 4 ) by
We claim that for integer Descartes quadruples with greatest common divisor c we have
and equality can hold only if v is a permutation of (0, 0, c, c). By dividing out c we may reduce to the primitive case c = 1. If all curvatures are nonnegative this is clear, since at most two can be zero, and the other two are positive integers. Now in any Descartes quadruple at most one circle can have negative curvature, call it −a 1 , in which case it encloses the other three.
Each of these three enclosed circles has a larger curvature in absolute value than the bounding circle, so at least a 1 + 1, so S(v) ≥ −a 1 + 3(a 1 + 1) ≥ 3a 1 + 3 > 2, which proves the claim.
We give a reduction procedure which chooses matrices inÃ to reduce the size and show that the procedure halts only at a vector of form (0, 0, c, c). To specify it, we observe that for any integral Descartes quadruple v = (a 1 , a 2 , a 3 , a 4 ) T with a 1 ≤ a 2 ≤ a 3 ≤ a 4 , then
and equality holds if and only if a 1 a 2 + a 2 a 3 + a 3 a 1 = 0. To see this, we have
see (3.11) of part I. Thus
Equality can hold if and only if a 1 a 2 + a 2 a 3 + a 3 a 1 = 0, which proves the observation. Note that equality can hold in (3.5) only when a 1 ≤ 0.
Starting with any primitive integral Descartes quadruple (a 1 , a 2 , a 3 , a 4 ), we can reorder it with permutation matrices in A to get a 1 ≤ a 2 ≤ a 3 ≤ a 4 , and then by (3.5), since the invariant S(v) decreases but cannot be negative, after a finite series of S 4 and permutation matrices we arrive at a primitive integral Descartes quadruple
where a ′ 1 ≤ 0. Call this the basic reduction step. (Note that the basic reduction step involves only matrices in the ordered Apollonian group and therefore moves around inside a single Apollonian packing.)
If a ′ 1 = 0 then necessarily a ′ 2 = 0, whence the quadruple is (0, 0, a ′ 3 , a ′ 3 ), and by primitivity a ′ 3 = 1 and the reduction halts. If a ′ 1 < 0, applying S T 1 , we get a new Descartes quadruple
, which lies in a new Apollonian packing and has
Thus the invariant strictly decreases. Now we may re-apply the basic reduction step. Continuing in this way we get strict decrease of size(v) at each step, with the only possible halting step being a ′ 1 = 0. Since the invariant is bounded below and decreases by at least one at each step, the procedure terminates at (0, 0, 1, 1).
From Integrality to Strong Integrality
The property of being primitive makes sense for integral Apollonian circle packings, because if one Descartes configuration has it, then it is inherited by all Descartes configurations by Lemma 3.1, since all matrices in the super-Apollonian groupÃ are integral with determinant ±1. Thus we call such a packing primitive if any of its Descartes configurations are.
Theorem 3.4. (i) Given an integral Apollonian circle packing P, there exists a Euclidean motion which takes it to a strongly integral Apollonian circle packing. If P is primitive, its strongly integral packing under this map will also be primitive.
(ii) The Euclidean motion is unique up to post-multiplication by the crystallographic group consisting of the isometries preserving the Gaussian lattice [i].
Proof. It suffices to prove the result for primitive integral packings. The general case then follows by a rescaling argument.
(i). In view of Lemma 3.1 it is sufficient to prove that given any set D of four mutually tangent circles with disjoint interiors whose curvatures form an integer Descartes quadruple, there is a Euclidean motion that carries them to a strongly integral Apollonian quadruple.
This result implies that this Euclidean motion carries the whole packing to a strongly integral Apollonian packing, since Euclidean motions lie in Möb (2) . Also, Euclidean motions preserve primitivity since the curvatures of all circles are unchanged.
We have already seen that the generators S 1 , S 2 , S 3 , S 4 and S T 1 , S T 2 , S T 3 , S T 4 of the (unordered) super-Apollonian groupÃ 0 take strongly integral Descartes configurations to strongly integral Descartes configurations.
Given a primitive integral Apollonian quadruple (a 1 , a 2 , a 3 , a 4 ), Theorem 3.3 implies there is a sequence of group operations inÃ which takes this quadruple to the integer Descartes quadruple (0, 0, 1, 1). But we can locate the quadruple (0, 0, 1, 1) so that it is strongly integral.
If so, the reverse series of group operations will produce a strongly integral Descartes configuration with the same curvatures (a 1 , a 2 , a 3 , a 4 ) . Now This primitivity property implies that the greatest common divisor of the quantities "curvature×center", viewed in the ring [i], will also be 1. This name is suggested by the term "Apollonian gasket" introduced by B. Mandelbrot [7, p. 170] ; however this concept is quite unrelated to that of Mandlebrot. This set is a union of integral Apollonian packings, as follows from the theorem below. That is, the action of the super-Apollonian groupÃ on has eight orbits.
Proof. Let D be a strongly integral Descartes configuration with curvatures a 1 , a 2 , a 3 , a 4
and centers C 1 , C 2 , C 3 , C 4 . Then by the Descartes circle Theorem, a 1 + a 2 + a 3 + a 4 = 2(a 1 + a 2 + a 3 ) ± 2 √ a 1 a 2 + a 2 a 3 + a 3 a 1 which must be even. Similarly, by the Complex Descartes Theorem,
is a Gaussian integer which is 0 (mod(2)). Thus N (D) = DN D is an integral matrix, rather than having half-integer entries. This proves that D( ) ⊆ .
Let B be the set of strongly integral Descartes configurations with curvatures {0, 0, 1, 1}.
For any D ∈ B, up to a permutation of rows, N D is of the form A m,n or B m,n where m, n ∈ and
A m,n corresponds to D ∈ B that have two lines parallel to the x-axis. B m,n corresponds to D ∈ B that have two lines parallel to the y-axis. It is easy to check that
where P (ij) is the permutation matrix which exchanges i and j. ThusÃ acts transitively on the sets X i,j , Y i,j , where i, j ∈ {0, −1} and 
Actually they all lie inside the isochronous Lorentz group O ↑ (3, 1, Ê) . We show that all these groups are normal subgroups of finite index in the integer Lorentz group O (1, 3, ) . Before proving this theorem, we establish a preliminary lemma. The Lorentz light cone is the set of points {(w, x, y, z) ∈ Ê 4 : −w 2 + x 2 + y 2 + z 2 = 0} and the positive Lorentz light cone is the subset on which w > 0. Let L be the set of integer points in the Lorentz light cone, i,e,
and let Aut(L ) be the set of linear transformations that leave
In particular, let L ↑ be the set of integer points in the positive Lorentz light cone w > 0, and Aut(L ↑ ) be the set of linear transformations that
(ii) Let G be a group of linear transformations that preserves L ↑ . If the action is transitive, and there exists a point v ∈ L ↑ such that the stabilizer (1, 3, ) .
O (1, 3, ) . But M ′ maps points in the positive Lorentz light cone to the positive Lorentz light
Proof of Theorem 3.6. We haveÃ ++ =< S 1 , D, P σ >, where {P σ : σ ∈ Sym(4)} is generated by P 12 , P 23 , P 34 . For any matrix S ∈Ã ++ , let and, for later use, τ (P 34 ) = P 34 . Thus (1, 3, ) .
Conversely, to show that O ↑ (1, 3, ) ⊆Γ ++ , we use the criterion of Lemma 3.7(ii). We must show thatΓ ++ acts transitively on L ↑ , and contains the stabilizer of a particular point in L ↑ . Since J 0 (L ↑ ) = {(a 1 , a 2 , a 3 , a 4 ) ∈ 4 : (a 1 , a 2 , a 3 , a 4 ) is a Descartes quadruple, a 1 +a 2 +a 3 +a 4 > 0}, the transitivity follows from Theorem 3.3.
We consider the stabilizer S v = {M ∈ O(1, 3, ) :
. Solving the equations
we obtain the following linear relations between the entries of M : where t = (m 2 + n 2 )/2, g 2 + h 2 = k 2 + l 2 = 1, and gk + hl = 0. Since g, h, k, l ∈ , we must have (g, h), (k, l) ∈ {(±1, 0), (0, ±1)}.
We can classify the matrices of the form (3.8) into four types, up to a possible multiplication by P 34 = τ (P 34 )), as follows. 
Integral Automorphs of the Descartes Quadratic Form
We recall the general definition of the group of automorphs of a quadratic form over a commutative ring. Definition 3.6. Let Q be an n-variable quadratic form with coefficients in a commutative ring R of characteristic unequal to 2, viewing Q ∈ M at n×n (R) as a symmetric matrix. If S is a subring of R then the group Aut(Q; R) of automorphs of Q over S is given by Aut(Q; S) := {M : M T QM = Q with M ∈ M at n×n (S)}.
If S = this group is called the group of integral automorphs of Q.
We consider the case that Q 2 = 2I 4 − 11 T , is the Descartes quadratic form and R = S = . 
